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Introduction
Non linear Mode (conservative case) : ! a 1D continuum of periodic solutions
generating an invariant subspace of the phase space (tangent to the linear mode
plane).

q

q

q

q
. .

Aim of the talk : ! present methods and tools for

computing periodic solutions of dynamical systems through Harmonic Balance
Method (HB)

making their continuation using Asymptotic Numerical Method. (ANM)

using the interactive software MANLAB
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Introduction

The Harmonic Balance Methods (HBM) is one numerical techniques among others :

Time domain methods :
shooting methods (G. Kerschen's lecture)
global time integration on a period
orthogonal collocation on a period (AUTO, MatCont, ...)
: : :

Frequency domain methods :

Harmonic balance method
Incremental harmonic balance method
Alternating frequency/time domain harmonic balance method
: : :
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Introduction to HBM

Let's consider •u + 2� _u + u + u3 = f cos(! t)

HBM using one harmonic : u(t) = uc cos(! t) + us sin(! t)

cos3(x) = 3
4 cos(x) + 1

4 cos(3x)

!

f (1 � ! 2)uc + 2�! us + 3
4 u3

c + 3
4 ucu2

s gcos(! t)
+ f (1 � ! 2)us � 2�! uc + 3

4 u3
s + 3

4 usu2
c gsin(! t)

+ f : : :gcos(3! t)
+ f : : :gsin(3! t) = fcos(! t)

After the balance of the harmonics we get an algebraic system with two
equations :

(1 � ! 2)uc + 2�! us +
3

4
u3

c +
3

4
ucu2

s = f

(1 � ! 2)us � 2�! uc +
3

4
u3

s +
3

4
usu2

c = 0

for the two unknowns uc , us and the three parameters ! , � , f .
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Introduction to continuation

Let � = 0:05, f = 0:2, the solution of the algebraic system having one free
parameter (here, ! := � ) are explored using a continuation method (path
following technique) :
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c, u

s

u
c
 

u
s
 

Result of continuation with respect to
the forcing frequency !

The starting point is uc = 0:2, uc = 0,
! = 0 (static solution)

Remarks :
Each solution point on the branch can be the starting point for another
continuation with respect to another parameter.
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Harmonic balance at higher order

•u + 2� _u + u + u3 = f cos(! t)

HB with two harmoncis :
u(t) = uc1 cos(! t) + us1 sin(! t) + uc3 cos(3! t) + us3 sin(3! t)

H.B. !
f (1 � ! 2)uc1 + : : :gcos(! t) + f (1 � ! 2)us1 + : : :gsin(! t)
+ f (1 � 9! 2)uc3 + : : :gcos(3! t) + f (1 � 9! 2)uc3 + : : :gsin(3! t)
+ f : : :gcos(6! t) + � � � + f : : :gsin(9! t) = fcos(! t)

more harmoncis, more complex nonlinerity ! ! ! ! ! !
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Strategy : quadratic recast of the system

Our strategy consist in recasting the system into a new one, with more unknows, but
where the nonlinearities are polynomial and quadratic.

Example for the forced Duf�ng oscillator,

•u + 2� _u + u + u3 = f cos(� t)

� and f are �xed. The forcing angular frequency � is the varying parameter.

De�ning v(t) = _u(t) and w(t) = u2(t), this equation can be recasted as the system

_u = v
_v = f cos(� t) � 2� v � u � uw
0|{z}

m( _Z)

= 0| {z }
c(t;� )

w| {z }
l(Z)

� uu
| {z }

q(Z;Z)

with Z = [ u; v; w]t .
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Harmonic balance at high order

Fourier expansion for Z (t) : Z (t) = Z0 +
HX

k= 1

Zc;k cos(k! t) +
HX

k= 1

Zs;k sin(k! t)

Insertion into : m( _Z ) = c(� ) + l(Z ; � ) + q(Z ; Z )

Balance the harmonics, yielding the following algebraic system :

! M(U) = C(� ) + L(U; � ) + Q(U; U); where U = [ Z t
0; Z t

c;1; Z t
s;1; Z t

c;2; Z t
s;2; : : : ; Z t

c;H ; Z t
s;H

Remark : new (big) operators M(:), C, L(:), and Q(:; :) explicitely depend on the
(small) operators m(:), c, l (:) and q(:; :).
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Harmonic balance at high order

assume linear dependence in �
c(� ) = c0 + � c1 ! C(� ) = C0 + � C1
l (Z ; � ) = l0(Z ) + � l1(Z ) ! L(Z ; � ) = L0(Z ) + � L1(Z )

the �nal algebraic system to be solved is

R(U) = L0 + L(U) + Q(U; U) = 0 R 2 RNeq

with
U = [ Z t

0; : : : Z t
s;H

| {z }
U

� ! ] R 2 RNeq+ 1

and
L0 = C0

L(U) = L0(U) + � C1

Q(U; U) = Q(U; U) + � L1(U) � ! M(U)
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ANM continuation : principles
Solve : R(U) = 0

let U0 be a regular solution point satisfying jj R(U0)jj < " R (tolerance).

let Ut be the tangent vector at U0.

let a be the pseudo-arc length path parameter a = UT
t :(U � U0).

Main idea : the branch of solutions passing at U0 is represented as a (truncated)
power series expansion with respect to ”a” ( Impl. func. Theorem) :

U(a) = U0 + aU1 + a2U2 + � � � + aNUN with U = [ U; � ] and N = 20 or 30

�

U

U0

a 2 [0; amax ]
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ANM continuation : principles

The branch of solutions is given by a succession of power series representation.

U(a) = U0 + aU1 + a2U2 + � � � + aNUN with a 2 [0; amax ]

.

�

U

U01

U02 U03

a 2 [0; amax1 ]
a 2 [0; amax2 ]

a 2 [0; amax3 ]

With this ANM continuation

no algorithm parameter : easy to use, robust

continuous representation of the branch containing relevant information

Simple bifurcation $ geometrical series
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Summary HBM + ANM

!"#$#%&'()*)+,-(./(012

."

34&5"&+#6()*)+,-

34&5"&+#6(789( &'$,:"&#6
)*)+,-(./(012

!! " " #!# ! $

!! " " #!# ! # $$

! ! "" # $ #! ! # %$!"%! # %&!"% "#

! ! ! " " # # !" " $ $ !"%" " $ &!"% " "

;,/."-4'&+#.%
<%+".546+#.%(./(&55#+#.%&'(

=&"#&:',)

74+.-&+#6(,>?&%)#.%(@A(
B&"-.%#6)C(&%5(:&'&%6,

! ! "" # ! ! $
!!

" "#

! #$" %&'!#! "" $
!!

" "#

! %$"'()! #! ""

78D

@EC

@FC

@GC

@HC

74+.-&+#6()B&?#%$
/."(78D(6.%+#%4&+#.%

c, constant function with respect to Z

l, m, linear functions with respect to Z

q, quadratic function with respect to Z

U = [ Z t
0 ; Z t

c; 1 ; Z t
s; 1 ; Z t

c; 2 ; Z t
s; 2 : : : ; Z t

c; H ; Z t
s; H ]t

C, constant function with respect to U

L, M, linear functions with respect to U

Q, quadratic function with respect to U
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Dissipative and conservative systems (NNM's)

The presented framework (High-order HBM) permits to �nd per iodic solutions for :

dissipative systems

•u + 2� _u + u + u3 = f cos(� t) forced

•u + � (1 � u2) _u + u = 0 autonomous

periodic solutions are isolated
one explicit parameter � has to be varied for the continuation

free oscillations of conservative systems (Nonlinear Normal Modes).

•u + u + u3 = 0

periodic solutions appear as one dimensional families (NNM's). They can
be parametrized by the total energy (implicit).
there is no explicit parameter to vary ! use an augmented system with an
arti�cial viscous terms
•u + � _u + u + u3 = 0 which has periodic solutions only when � = 0
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Example of simple conservative system

��
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��
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��
��
��
��

����
����
����
����

����
����
����
����

���
���
���
���
���

���
���
���
���
���

l0

l0

m
X1

l1

l2

x1

x2

k2

X2

k1

mass displacement :
u1(t) x-axis
u2(t) y-axis

strain Green-Lagrange
e1 = u1 + 1=2(u2

1 + u2
2 )

e2 = u2 + 1=2(u2
1 + u2

2 )

Equations of motion :

m•u1 + k1e1(1 + u1) + k2e2(u1) = 0
m•u2 + k1e1(u2) + k2e2(1 + u2) = 0 (1)

Augmented sytem with viscous dissipations :

m•u1 + � _u1 + k1e1(1 + u1) + k2e2(u1) = 0
m•u2 + � _u2 + k1e1(u2) + k2e2(1 + u2) = 0

(2)

the augmented system (2) is dissipative and
depends on the parameter � .

periodic solutions of (1) are periodic solutiosn of (2)
with � = 0 (vertical branch)
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Vibro-impact of a beam
a clarinet model

Vibration of ”GV tubes” in heat exchanger of nuclear power-plant (El-Hadi Thesis, EdF)
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� ��

� ���

elastic stops

free

elastic spring
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Vibro-impact of a beam
a clarinet model

The � clarinet � system (S. Karkar)

A clarinet (or a saxophone) is composed by :

a resonator (straight tube (saxophone : conical) )
a mouthpiece (coupling reed¡-¿tube )
a single reed (constrained mechanical oscillator)
and a player (ideal source of pressure)
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Vibro-impact of a beam
a clarinet model

Full model

Nondimensional equations :

�
p0

n = snpn + Cnu
p = 2

P Nm
n= 1 R e

�
pn

�

u = � �( x) sign(
 � p)
p

j
 � pj

(
1
ox0 = y
1
oy0 = 1 � x � qr y + p � 


with :

PM = Kh0

� = ZcWh0

p
2=� PM

u = UZc=PM

p = P=PM


 = Pm=PM

x = h=h0

Dynamical system : X0 = F(X) where X = f p1; p2; :::; pNm ; x; yg
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Vibro-impact of a beam
a clarinet model

Stability of the static regime
Model : L = :57m, 12 modes, fr = 1500Hz, qr =1:0, � =0:32
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Vibro-impact of a beam
a clarinet model

First periodic regime(EH, H=50)
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Vibro-impact of a beam
a clarinet model

Stability of the �rst periodic regime
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time series 
 = 1

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
0

0.2

0.4

0.6

0.8

1

1.2

1.4

B

X: 1
Y: 0.91

p rm
s

g

L

”Autumn School” GdR Dynolin : Course 2. Computing Nonlinear modes with HBM, ANM and Manlab



Harmonic Balance Method and ANM Continuation
Applications

Manlab

Vibro-impact of a beam
a clarinet model

time series 
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Manlab software
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what is Manlab ?

A graphical interactive MATLAB toolbox for solving nonlinear system with the ANM
continuation

What can be solved :

(small) algebraic systems R(U) = 0, where R is given by the user.

structural mechanical problems : large displacement elasticity with FEM.

periodic solutions of dynamical system with frequency or time domain approach
(autonomous or forced systems).

quadratic framework m( _Z ) = c0 + � c1 + l0(Z ) + l1(Z ; � ) + q(Z ; Z )
conservative and dissipative ; forced and autonomous

http ://manlab.lma.cnrs-mrs.fr
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Manlab History

Very �rst version of ANM Continuation : FORTRAN95 (2000), Ma tlab(2004) , no
graphical interface

Manlab written by R. Arquier in 2005.

�rst implementation of HBM in MANLAB by Cochelin and Vergez ( 2009)
The (large) operatorL0,L and Q obtained from loop on the small operator
m ,c, l and q ! poor ef�ciency (Jacobian matrix !)

Manlab-1.0 on line April 2009.

improved graphical interface (GUI)
stability analysis by A. Lazarus and O. Thomas
improved performance (FORTRAN) by S. Karkar

Manlab-2.0 on line November 2010.
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Manlab History

Manlab-2.1 on line November 2011 (some buggs removed).

�rst implementation of orthogonal collocation by S. Karkar (2010)
tensor approach for improving performance by S. Karkar

Manlab-3.0 beta S. Karkar version on line october 2014.

FFT/iFFT for improving r.h.s computation by E. H. Moussi
�rst implementation of a selective HBM E. H. Moussi

Manlab-2.0 E.H. Moussi version ! Code ASTER EdF. Opérateur de calcul des
modes non linéaires de syst �emes �a jeux.

Automatic Differentiation by I. Charpentier
Complete re-written of architecture and GUI by Cochelin and Charpentier

Diamanlab-1.0 : Charpentier, Cochelin, Lampoh (2014)
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modes non linéaires de syst �emes �a jeux.

Automatic Differentiation by I. Charpentier
Complete re-written of architecture and GUI by Cochelin and Charpentier

Diamanlab-1.0 : Charpentier, Cochelin, Lampoh (2014)

”Autumn School” GdR Dynolin : Course 2. Computing Nonlinear modes with HBM, ANM and Manlab



Harmonic Balance Method and ANM Continuation
Applications

Manlab

Manlab History

Manlab-2.1 on line November 2011 (some buggs removed).

�rst implementation of orthogonal collocation by S. Karkar (2010)
tensor approach for improving performance by S. Karkar

Manlab-3.0 beta S. Karkar version on line october 2014.

FFT/iFFT for improving r.h.s computation by E. H. Moussi
�rst implementation of a selective HBM E. H. Moussi

Manlab-2.0 E.H. Moussi version ! Code ASTER EdF. Opérateur de calcul des
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Assessment and project

Today, at least four valuable versions of Manlab and Diamanlab !

Manlab version contains our ”know how” (HBM, Collocation, Stability, Bifurcation,
...)

Diamanlab-1.0 has the best architecture for continuing the game.

Work in progress : re-importing all this ”know how” into a single Diamanlab
version.

Done for quadratic algebraic systems (new tensor formalism, ef�cient
Jacobian matrix computation))
Done for HBM
To do : Collocation, stability, iFFT/FFT, variable harmonics

Diamanlab-2.0 on line ..... by ......
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